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ABSTRACT

In this paper SEP (symbol error probability) performance of Cross and rectangular QAM is compared over Nakagami fading
channels for EEC (Equal Energy Case). The SEP expressions are derived using MGF (moment generating function) approach
and are composed of linear sum of integrals that have integrands that are exponential and trigonometric functions. SEP
expressions of cross and rectangular QAM are considered for AWGN channel that only contains Q-functions. Equal Energy
Case states that Euclidean distance ‘d’ between symbols points of rectangular QAM, when reduced provides comparable
average energy with that of cross QAM but still it would not affect the SEP performance of rectangular QAM. Cross QAM
provides considerably better performance and can obtain gain of at least 1.1 dB over rectangular QAM, when SEP is less than
0.3 in Nakagami fading channels. The better performance is due to the cross shaped constellation structure of cross QAM.

Keywords:MGF (moment generating function), SEP (symbol error probability), QAM (quadrature amplitudemodulation), EEC (Equal

Energy Case).

1. INTRODUCTION

QAM is a preferred modulation scheme for digital
communication over fading channels due to its high
bandwidth efficiency. In ASK (amplitude shift keying) the
transmitted signal an experience deep fades due to channel’s
fading amplitude and white noise. Similarly in PSK (phase
shift keying) for larger constellation size ‘M’ the phase
changes in carrier signal are very complex and a very
expensive receiver is required. To provide tradeoff between
performance and complexity a Hybrid scheme is commonly
used that is known as QAM (quadrature amplitude
modulation). When transmission of even bits per symbol is the
requirement then square QAM is preferred constellation but
when odd bits per symbol is required then both rectangular
and cross QAM (XQAM) can be considered. Cross QAM is
usually the better choice as it is an energy efficient scheme.
Cross QAM has lesser average and peak energy as compared
to Rectangular QAM (RQAM). In other words we can say that
to achieve a particular SEP cross QAM require lesser SNR in
dBs then that required by the Rectangular QAM.

Despite of the higher efficiency of XQAM, the derivation of
average SEP expression has many complications as compared
to that of the rectangular QAM. One of the important reasons
for complex calculations is that the cross QAM has inter
dependent inphase and quadrature components unlike
rectangular QAM. Rectangular QAM on the other hand can be
considered as the composition of two PAM (pulse amplitude
modulation) signals and can be easily demodulated.

Cross QAM have many applications such as adaptive
modulation scheme, where the constellation size ‘M’ is
improved according to the channel behavior. When channel
quality is good, the constellation size is increased by ‘k+1’
bits per symbol. If we are to consider only even bits per
symbol (square QAM) then the increment size would be k+2’

bits per symbol (we have to go from 16 to 64 to 256 QAM...).
XQAM however provides the opportunity to reduce the
intermediate step size from k+2’ to ‘k+1" bits per symbol (we
need to go from 16 to 32 to 64 QAM...). Use of XQAM for
single bit increase makes the change relatively smoother and
enables the system to perform better over a required data rate.
Cross QAM with symbol length of 5 to 15 bits are commonly
used in ADSL and VDSL applications[1-2], also 32 and 128
XQAM had been applied in digital video broadcasting [3],
XQAM also has many application regarding blind
equalization, where the channel response is estimated by the
equalizer without the training sequence [4].

[5] derived average SEP expressions for XQAM in AWGN

and  fading  channels including Rayleigh  and
Nakagamichannels. The expressions derived contain finite
integrals with integrands that are exponential and

trigonometric functions.In [6] we have mathematical models
of various multipath radio channels that are useful for
performance analysis of different digital modulation schemes.

In [7-9] exact average SEP expressions for 32,128 and 512
cross QAM had been derived for AWGN and Rayleigh fading
channel. In [10] closed form expression for rectangular QAM
had been presented for AWGN and Rayleigh channels. In [11]
exact expression for BER (bit error rate) of cross QAM had
been derived in AWGN and Rayleigh channel by considering
the contribution of each bit individually and along with that
Smith’s approximation for BER of cross QAM is also
discussed.

In this paper, we compare SEP performance of cross and
rectangular QAM in Nakagami fading channels for EEC. The
remaining sectionsare arranged as follows; section (lI)
describes constellation structures of both modulation schemes
and also compares them by considering multiple parameters.
In section (111) we describe channel models by considering the
probability density functions (PDFs) and moment generating
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functions (MGFs). In section (IV) we consider SEP
expressions for cross and rectangular QAM in AWGN
channel. In section (V) SEP expressions for Nakagami fading
channels are derived using MGF approach. Section (VI)
present numerical results and Section (VII) provides
conclusion.

2. CONSTELLATION STRUCTURES AND
PARAMETERIC COMPARISON

Constellation structure of cross and rectangular QAM
are slightly different and according to [7] we can construct
constellation shape of cross QAM from rectangular QAM by

shifting @ columns on either side to top and bottom
positions. Fig. 1 (a) and (b) shows constellation structures for
32-XQAM and 32-RQAM respectively.

In both cross and rectangular QAM the constellation
structure includes three types of symbol points: interior, edge
and corner points. The decision regions for interior and edge
points are square and semi-infinite rectangular in shape, while
for corner points decision regions are comparatively different
as they are made up of horizontal, vertical and 45 degree lines.
In rectangular QAM number of corner points remains fixed
while in case of cross QAM their number vary with increase in
constellation size ‘M’.

For comparison of both modulation schemes we consider

three parameters: b (bits per dimension), Ex (average energy
per dimension) and CFM (constellation figure of merit).

We define,
M= 2k wherek=5,7,9,11, ...

Three parameters considered for comparison are defined as,
b =k/NQ)

Ex = Eav/N(2)

&)
CFM = “2-(3)
Ex
Where ‘N’ are the number of dimensions, in case of QAM
N=2, while ‘Eav’ is the average energy that depends on the
symbol points spacing ‘d’ and constellation size ‘M’. Average
energy for both cross and rectangular QAM is given by,

d? (31M
Cross QAM :Eav = - (E — 1) 4)
2
Rectangular QAM :Eav = %(% - 1) (5)
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Fig.1 (a) Cross 32-QAM  (b) Rectangular 32-QAM.

Table.1 compares cross and rectangular QAM modulation
schemes with the help of three parameters that are defined
previously for various constellation sizes (taking d=2).

Cross QAM Rectangular QAM
Constellation
Size (M)
b Ex CFM | b | Ex | CFM
32 25| 10.33 | 0.0968 | 2.5 | 13 | 0.0769
128 35| 42.33 | 0.0236 | 3.5 | 53 | 0.0189
512 45| 170.33 | 0.0059 | 4.5 | 213 | 0.0047
Table.1
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3. SYSTEM MODEL
A. Probability Density Functions (PDFs)

The Nakagami-m and Nakagami-g channels are
described with the help of their fading parameters ‘m’ and ‘q’
respectively. The probability density functions (PDFs) of the
Nakagami-m and Nakagami-q channels as a function of
channel fading amplitude ‘B’ as described in [6] are given as,

2mm ngm—l

R2
Pm(@®B) = mexp (— mT), 3 >0(6)

2
Pa(B) = —(1;‘1;)3 exp (— () ﬁz) Io((l_q4)ﬁz), R >0

4q2 Q 4q2 Q

()

Where ‘Q’ is the average fading power and Io(.) is the
modified Bessel function of zero order and first kind. Fading

1
parameters ‘m’ and ‘q’ ranges between ‘E to 00’ and ‘0 to I’

respectively. Fig. 2 shows the PDFs of both fading channels as
a function of fading amplitude ‘B’ for various fading
parameters.

Using change of variables, we can derive PDF expressions
for both Nakagami-m and Nakagami-q channels as a function
of instantaneous SNR “y’ that are given as,

m,m-—1

P = Tt exp (=), v20)

Pq(y) = U;—q;)exp (— (1+q2)2y) lo((l_q4)y), ¥=0(9)

2 4q%y 4q%y
B. Moment Generating Functions (MGFs)

Relating to the Probability density functions (PDFs)
in (8) and (9), we can determine the Moment Generating

Functions (MGFs) in terms of average fading SNR ‘y’ by
taking Laplace transform with reversed sign as in [6],

—\—m

Mm.y(3)=(1 - %) ,m>1/2 (10)
_ _ ., @sper\TH2

Ma()= (1 — 257 + (qu)z) ,0<q<1(11)

4. SEP OF CROSS AND RECTANGULAR
QAM IN AWGN CHANNEL

Cross QAM as described previously is an energy efficient
version of QAM that is preferred when we areconsidering odd
bits per symbol. SEP expressions of cross and rectangular
QAM in AWGN channel in terms ofEuclidean distance ‘d’

betweensymbol points and average energy ‘Eav’ are given by,

[m <4M - 6\/@) Q(Za) + 40(2vap)|

- (4M - 12\/@ + 12> Q(J27y)2 J(12)

PXQAM (y) 2%

Where,
dz
“= 4Eav
PRECTQAM(y) Z% [1 — %] Q(.BW) — % [1 -
EM Ly 2(13)
Where,
g = d
B V2Eav

In (12) and (13) ‘M’ is constellation size while ‘y’ is the
instantaneous SNR.
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Fig. 2 (a) PDF of Nakagami-m channel, m=[1/21 2 4]
(b)PDF of Nakagami-q channel, g =[0.2 0.4 0.6 1].
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5. SEP OF CROSS AND RECTANGULAR
QAM INNAKAGAMI FADING
CHANNELS

SEP expressions for cross and rectangular QAM in
Nakagami-m and Nakagami-g fading channels can be derived
by averaging the SEP performance of both modulation
schemes over the PDF of Nakagami-m and Nakagami-q
fading distributions.

Pe= [,” Pa(Y)P(y) dy (14)

Poam (7) is the SEP expression of cross or rectangular QAM in

AWGN channel given by (12) and (13), alsoP(y) is PDF of
Nakagamifading channel in terms of instantaneous SNR ‘y’
Evaluating (14) we have linear sum of one dimensional
integrals that has infinite limits. We need to reduce these
integrals to an appropriate form using specific form of Q-
function that has finite limits, so that the SEP expression in
(14)has higher numerical computational accuracy.

We define,

S1(a) = [, Q(avy) P(y) dy (15)

S2(a) = f,” Q(avy)? P(v) dy (16)

Where ‘a’ is a constant that depends on the specific type
modulation/detection process used. we consider modified form
of Q-function that is defined by,

2

Qv) = f2 exp( ) dae (17)

2sin 6?2

MGF is defined as,

My(s)=f;” e"P(y) dy (18)

Therefore using (17) and (18), we can transform (15) and (16)
in terms of MGF as,

Si(a)== 7 My( ) d6(19)

Se(a) == [} My( ) d6(20)

Using (14), (19) and (20), we have average SEP expressions
for both M-ary XQAM and RQAM in Nakagami fading
channels that are given by,

Cross QAM:

Pe=—[ (4M 6[)51(@)+451(2\/_)—

4M—12M2+12522a(21)

Rectangular QAM:

= |1~ 12] S108) — 3 [1 - ] S22

Where ‘M’ is the constellation size and ‘S1’and‘S2’ are
defined in (19) and (20).

According to Equal Energy Case (EEC) the average energy of
rectangular QAM can be made comparable with that of cross
QAM by reducing the symbol point spacing ‘d’, but bringing
the symbol points closer doesn’t affect the SEP performance
of rectangular QAM as decrease in ‘d’ also causes decrease in
average energy keeping the ratio ‘B’ approximately constant.

6. NUMERICAL RESULTS

Fig. 3 shows SEP performance comparison of 32-
XQAM and 32-RQAM in Nakagami-m fading channel. We
can observe that cross QAM has considerably better
performance as compared to rectangular QAM, also increase
in fading parameter ‘m’ causes improvement in system
performance due to lesser fades. Reducing ‘d’ doesn’t affect
the SEP performance of rectangular QAM as discussed
previously. Fig. 4 shows SEP performance comparison of
both modulation schemes in Nakagami-q fading channel for
various values of fading parameter ‘q’. Also it can be seen that
SNR required to achieve particular SEP in Cross 32-QAM is
comparatively lesser than that of rectangular 32-QAM.

Cross QAM vs Rect QAM in Nakagami-m Fading Channel for Different Fading Parameters (m)
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Fig.3 Average SEP comparison of 32-XQAM and 32-RQAM in
Nakagami-m fading channel for EEC.
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Cross QAM vs Rect QAM in Nakagami-q Fading Channel for Different Fading Parameters (q) [7]
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Fig.4 Average SEP comparison of 32-XQAM and 32-RQAM in
Nakagami-q fading channel for EEC.

7. CONCLUSION

Previously average SEP expressions for M-ary cross
and rectangular QAM in AWGN and multiple fading channels
have been reported. In this paper, average SEP performance of
M-ary cross QAM is compared with rectangular QAM for
EEC in Nakagami fading channels for various values of fading
parameters. It can be noted that cross QAM has better
performance in both channels due to its unique cross shaped
constellation structure.
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