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ABSTRACT 
 

In the present work, we analyze the thermal Elastohydrodynamic lubrication (EHL) of line contact problem with grease as 

lubricant. The non-Newtonian Herschel-Bulkley model is employed to derive the governing equations of the physical problem. 

The governing mathematical model is analyzed numerically for smooth as well as rough surfaces. The various effects of 

temperature on pressure and film thickness profile are discussed in detail. The leading equations viz., Reynolds, film thickness, 

load balance and energy equations along with appropriate boundary constraints are discretized by using second order finite 

difference approximations. The resulting systems of non-linear algebraic equations were solved numerically through Newton-

GMRES method with Daubechies D6 wavelet as pre-conditioner. The multilevel multi integration (MLMI) technique is 

employed to compute the film thickness. The obtained results are illustrated through figures and tables. The comparison of 

isothermal and thermal film thickness profiles for various load and speed are presented. It shows that, the isothermal minimum 

film thickness is greater than compared to the thermal minimum film thickness, and as the flow index n increases the respective 

film thickness also increases. 

 
Keywords:EHL, MLMI, Herschel-Bulkley, Newton-GMRES method, Daubechies D6 wavelet 

 

1. INTRODUCTION 
 

 In the tribology components, the load is applied over 

a small contact region which results into high pressure 

generated within the contact region; it leads to deformation of 

the contacting surfaces. This phenomenon of lubrication is 

widely known as Elastohydrodynamic lubrication (EHL).  In 

most of the machine components viz., cams, rolling bearing, 

tappets and gears etc. The various lubricants used in order to 

reduce the friction, wear and tear of machine elements, to 

increase the life of machine components. Grease is used as 

lubricant in 80-90% of the machine components. The 

properties offered by grease make it as efficient lubricant 

under the operating conditions, due to its complex structure it 

behaves as a non-Newtonian fluid. Also, grease is different 

from other lubricant as it formed by lubricating oil and 

thickening agent dispersed in it. The simulation of EHL line 

contacts with grease as a lubricant enabled to overcome the 

failure of these components. 

Experimentally Poon [1] was first to study the EHL 

problem lubricated with grease, and noticed that the film 

thickness of grease is higher than the base oil. The similar 

observations are made in the study of Wen and Ying [2], 

illustrated with sophisticated experimental tools. Using optical 

interferometry, Astrom et al. [3] and Kaneta et al. [4] analyzed 

EHL problems with fully flooded grease as lubricant. 

Specifically, at the inlet region, grease [5–8] influences an 

equal or even more significant for the determination of film 

thickness profiles. The film thickness increases with increase 

in viscosity of base oil was studied through experiment by 

Kageyama et al. [9]. Magnetic transducer was used to measure 

film thickness of grease in EHL line contact problem by 

Aihora and Dowson [10]. The Herschel-Bulkely model was 

used to examine the fully flooded EHL problem with grease 

by Kauziorich and Greenwood [11] through experimentally as 

well as theoretically. EHL line contact problem with similar 

model as in [11] was considered and obtained more accurate 

film shape by Jonkisz and Freda [12]. 

Boardenet et al. [13] discussed the point contact EHL 

problem and viewed the two fluid layers at the inlet region. 

The film thickness expression presented by Baart et al. [14] 

was a function of soap concentration and temperature. The 

more advanced film thickness formula was proposed by Ding 

and Qian [15] for EHL line contact problem. Herschel-Bulkly 

model was used to study the EHL line contact problem by 

Cheng [16]. This model was utilized to study the influence of 

temperature and grease rheology on the fluid film thickness by 

Yoo and Kim [17]. Karthikeyan et al. [18] shows the effect of 

temperature and speed on the nature of grease flow and film 

formation in EHL point contact. The review article of Lugt 

[19] revealed all the aspects of grease lubrication in rolling 

bearings. Awati and Naik [20] examined the EHL line contact 

problem with grease as lubricant using Multigrid method that 

comprises of Herschel-Bulkly model. The effect of electric 

double layer on EHL line contact problem is analyzed 

numerically by Awati et al. [21]. Zhang et al. [22] discussed 

the numerical solution of EHL finite line contact by 

considering the Ostwald model, predicting the film thickness 

by neural and genetic algorithms. Li et al. [23] analyzed the 

evolution of grease film with glass revolutions in rolling EHL 

contacts. The mixed lubrication of point contact problem was 

studied by Yang et al. [24] and the calculated film thickness 

for smooth and rough surfaces. 

In general, contacting surfaces are no smooth in nature. 

Over the years many investigators studied the effect of surface 

roughness on EHL contacts. Three types of surface roughness 

found in the literature; viz., longitudinal, transverse and 

isotropic. Isotropic asperity presents randomly distributed and 

does not have apparent directions. The hydrodynamic fluid 

flow is governed by surface asperity these effects lubricant 

performance. Stochastic model and deterministic model are 
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widely used in the analyses of hydrodynamic and 

elastohydrodynamic lubrication. 

In stochastic model, it considers some statistical 

parameters to study the effect of surface asperity on contacting 

surfaces as well as properties of lubricant. To find the effect of 

surface roughness on hydrodynamic lubrication, researchers 

like Greenwood and Williamson [25], Greenwood and Tripp 

[26], Patir and Cheng [27] utilized the stochastic model. In 

order to explore the effect of surface asperities in EHL line 

contact problem deterministic model was used by Cheng [28]. 

The effect of temperature along with surface roughness in 

EHL problem was discussed by Sadeghi and Sui [29]. Further 

they applied Newton-Raphson method for calculating 

isothermal results and used control volume finite element 

method to solve energy equation to find the temperature. 

Numerical solution of point contact EHL problem was 

analyzed by Hu and Zhu [30]. They obtained 3-D surface 

asperity under various rolling/sliding parameters. Considering 

the average flow model of Patir Cheng [27] in mixed EHL 

problem was studied by Wang et al. [31], the computed results 

were agree with the findings of Hu and Zhu [30]. The 

experimental study of Lu et al. [33] considered both 

longitudinal and transverse surface asperity to analyze the 

thermal effects on elliptical EHL problem for different 

rolling/sliding conditions.  

Akbarzadeh and Khonsari [34] discussed the effects of 

surface asperity on friction coefficients. EHL point contact 

problem along with surface asperity was studied by Sojoudi 

and Khonsari [35]. The effect of surface asperity on mixed 

lubrication of EHL line and point contact problems was 

discussed by Zhu and Wang [36] using deterministic model. 

The isothermal/thermal EHL point/ line contact problems with 

bio-based oil as lubricant on smooth and rough surface 

asperity were numerically discussed by Awati et al. [37], [38]. 

Awati and Kumar [39] considered the non-Newtonian piezo-

viscous EHL line contact problem and determine the solution 

by using Newton-GMRES method with Daubechies D6 

wavelet as pre-conditioner.  

The study of thermal EHL problems gained much 

attention in the past few decades. The effect of temperature on 

EHL is demonstrated by Sternlicht et al. [40] and predicts the 

difference between isothermal and thermal film thickness. 

Cheng and Strenlicht [41] study the complete thermal EHL 

equations for Newtonian fluid. Greenwood and Kauzlarich 

[42] arrogate the shear heating and heat conduction into rollers 

to be the only mechanism of heat generation and removal 

inorder to simplify the energy equation. The similar energy 

equation is used by the Murch and Wilson [43] to discuss the 

thermal effects on film thickness. The importance of heating 

effect on the reduction of film thickness is explained by Ghosh 

and Hamrock [44]. The effect of temperature and non-

Newtonian lubricant on the performance of EHL line contact 

problem was discussed by Salehizadeh and Saka [45]. 

The CFD model is used to explore the effect of thermal 

and shear thinning EHL line contact problem by Hartinger 

[46]. Wang and Yi [47] numerically discussed the transient 

thermal EHL analysis of an involute spur gear. By using 

Newton-Raphson and multigrid method, Khanittha and Jesda 

[48] determined the rough thermo-EHL with non-Newtonian 

lubricant. Jesda [49] numerically analyzed the effect of nano 

and micro particle additives on rough surface thermal EHL 

with non-Newtonian fluid. Zhang et al. [50] studied 

numerically the effect of finite line contact on bush-pin hinge 

pairs in industrial chains. The effect of temperature in micro-

EHL finite line contact problem was analyzed by Liu et al. 

[51]. For highly loaded EHL contacts a new technique to 

predict traction was proposed by Liu et al. [52]. The 

experimental study on scale and contact geometry effects on 

friction in Thermal EHL problem was discussed by Philippon 

et al. [53]. Marian et al. [54] analyzed the point contact EHL 

problem by using the machine learning and artificial 

intelligence (AI) to predict the film thickness. Coupled finite 

element line contact solver was used to obtain the new 

coefficient formula for line contact EHL problem operating in 

the linear isothermal region was studied by Higashitani et al. 

[55].   
 

1.1.KRYLOV SUBSPACE METHODS 

(KSM) 
 

 The discretization of partial differential equations 

(PDEs) by finite difference or finite element methods leads to 

a sparse linear system of equations. To solve these large sparse 

systems of equations there are many direct and iterative 

methods are available in the literature. Among them sparse 

direct solvers is one, which cannot be used for wide range of 

problems. The main focus of available iterative method is to 

minimize the number of iterations which is less than the order 

of coefficient matrix, in order to get the required solutions.  

Most of the large scale linear system of equations is solved by 

a preconditioned Krylov-subspace method, which is also an 

iterative method. Multigrid method is one of the most efficient 

finite difference methods but nowadays it is used as an inner 

iteration with a Krylov-subspace method as outer iteration.  

Hestenes and Stiefel [56] introduced the Krylov subspace 

method as the direct method to solve large system of linear 

equations. But Ried [57], called these methods as an iterative 

method to solve the large-scale system of linear equations of 

the form BAx = . Let 0x be the initial approximation to the 

solution of system of equations and 00 AxBr −= be the initial 

residual error then 

  .1,........2,,),(
00000 MM

KrMArAArrspanrAK =−=       (1) 

Where KM be the Krylov-subspace of dimension M generated 

by A and
0

r . The building blocks of Krylov-subspace methods 

are generated via Arnoldi, bi-Lanczos and complex symmetric 

Lanczos process. The Arnoldi process produces orthonormal 

basis vectors of Krylov-subspace, it never suffers from 

breakdown but computational costs increases with increase in 

the iteration number. Bi-Lanczos process obtains a orthogonal 

basis vectors of Krylov-subspace, the computational cost does 

not increases with number of iterations but breakdown occurs 

here and near the breakdown orthogonality property of basis 

vectors is lost. Hestenes and Stiefel [56] introduced the 

Conjugate gradient (CG) method and it is known as Krylov-

subspace method. The review article of Golub and Leary [58] 

mentioned the history of CG method and it is derived from the 

Lanczos process. This method is applied when a matrix A is 

symmetric and positive definite. The Conjugate residual (CR) 



 

 

    

 
 

©2012-24 International Journal of Information Technology and Electrical Engineering 

ITEE, 13 (1), pp. 01-11, FEB 2024                                                 Int. j. inf. technol. electr. eng. 

3 

ITEE Journal 
Information Technology & Electrical Engineering 

 
 

ISSN: - 2306-708X 

 
 

Volume 13, Issue 1 
February 2024 

method proposed by Stiefel [59], it can be applied to 

symmetric indefinite matrix. The minimal residual (MINRES) 

method was introduced by Paige and Saunders [60], and CR 

method obtains the same approximate solutions. Lanczos 

process is used to achieve the minimization.  

MINRES is generalized and named it as Generalized 

minimal residual (GMRES) method, the derivation of the 

method was given in [61]. The approximate solutions of linear 

system of equations would be nx that minimizes 
n

AxB −  

over the space ( )00 , rAx M+ . The Arnoldi process is used to 

generate orthonormal basis for the subspace ( )0, rAM .  

Let nV  be nn  matrix whose columns are basis for the 

subspace ( )0, rAM  by Arnoldi process, since

( )00 , rAxx Mn + , we have  

,0 nnn yVxx +=
n

n Ry  .                                        (2) 

The residual vector for Eq. (2) can be expressed as 

nnn yAVrr −= 0 .                                                        (3) 

Using the matrix representation of Arnoldi process 
n

r can be 

written as 

( )nnnnn yHeVr ,111 ++ −=  ,                                        (4) 

where, ,0r= nnH ,1+ is Heisenberg matrix and 

111 +++ = nn
H

n IVV . is the identity matrix. 

The 2-norm of residual vector is expressed as 

( ) .,11,111 nnnnnnnn yHeyHeVr +++ −=−= 
       

(5) 

By choosing a suitable 
n

y the 2-norm of the residual vector is 

minimized and
n

y is written as 

nnn
Ry

n yHey
n ,11min  arg +


−=  .                               (6) 

The above mentioned 
n

y is computed by using Givens 

rotations. The GMRES is based on Arnoldi process of 

modified Gram-Schmidt type. As compared to other Krylov-

subspace methods, GMRES is an attractive features viz., it 

never suffers from breakdown and residual 2-norm decreases 

monotonically and optimality regarding the residual 2-norm. 

The drawback of GMRES method is that, the number of 

iterations increases the computational costs and memory also 

increases linearly. To overcome this difficulty, restarted 

GMRES method is employed to obtain the solution. In this 

method, we fix the maximum number of iterations, once it is 

reached, and then use the restarted GMRES method, the 

previously obtained solution from GMRES will act as initial 

guess for the restarted GMRES method. The crucial point for 

successful application of GMRES revolves around the 

decision when to restart was given in [62], many researchers 

[63, 64, 65] discussed the same.   

The complex structure and rheological characteristics of 

grease makes it for understanding EHL problems with grease 

as lubricant lags far behind. The numerical study of grease 

lubricant is quite less as compared to the experimental studies. 

Most of the numerical methods require large number of 

iterations to achieve converged solution.  This is mainly due to 

large condition number of the matrix that occurs in solving 

large system of equations. The present study carries the 

numerical solution of EHL line contact problem with 

Herschel-Bulkley model. The numerical simulation consists of 

modified Reynolds, film thickness and load balance equations 

are solved simultaneously by using Newton-GMRES method 

with wavelet based pre-conditioner. In this method Newton’s 

method is applied in the outer loop and GMRES with wavelet 

based pre-conditioner is used in the inner loop for the solution. 

The obtained results were presented for both smooth and 

rough surfaces with various operating conditions. 

 

2. GOVERNING EQUATIONS 
 

The Herschel-Bulkley model is used to predict shear 

stress with grease as lubricant in the lubricating film is 

expressed as 









+=

n

sy

.

 ,                                                          (7) 

where y is the yield stress, s is the viscosity of grease, 
.

 is 

the shear rate and n  is the flow index. The modified form of 

Reynolds equation is considered in an account of flow of 

grease between two cylinders (steady state, isothermal, 

incompressible and laminar). The pressure varies along the 

flow direction (x-direction).The modified Reynolds equation is 

given by (Yoo and Kim [17]) 

( ) 0

1

1
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
,                             (8) 

where
1

13

8
)2(2

+
+









+=

m
m

W
UmK


,  is the viscosity of grease, 

h is the film thickness, ph is the width of the plug flow and 

nm /1= .The dimensionless parameters used in the present 

study becomes 
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The non-dimensional Reynolds equation can be written in the 

form 

0)(

1

1
11

1

02

1

=−−









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



+
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HH
H

K
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H
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H

dX

dP

m

p

m

p
m


,                      (10) 

Taking the last term to RHS and rearranging the terms, we get 

)( 0HH
dX

dP
m

−=







 ,                                                  (11) 

where, 













+
+


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
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


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
=

=

              . Otherwise               
/8

2

0   if                      

dXdPW
T

dX

dP
H
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p 

    (12)

 

Now, differentiating the Eq. (11) with respect to X, we get 

dX

dH

dX

dP

dX

d
m

=





















 .                                                (13) 

Eq. (13) represents the modified Reynolds equation for grease 

as lubricant. The boundary constraints for the pressure are 

given in dimensionless form as 

,region inlet  at the    ,0)( inXXXP == and at the outlet region  

outXX
dX

dP
== at  ,0 .                                                           (14) 

The fluid film thickness equation in dimensionless form can 

be written as 

    
 +−−+=
out

in

X

X

dXXXXP
E

X
HXH ')'ln()'(

2

2
)(

2

0


,    (15) 

where ,
ˆ

2
sinˆ









=

l

X
A i

 is the sinusoidal roughness, Â  is 

the amplitude, and l̂ is the wavelength. The Roelands [66] 

viscosity-pressure-temperature relation is used in the present 

analysis and it can be written in dimensionless form as 

     

 
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

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++−+
=

−

)1(

])101.51(1[67.9)ln(
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*
0
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


 .(16) 

The yield stress of grease, it can be written in non-dimensional 

form as 

 
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y




 (17) 

where  is the temperature-viscosity coefficient of lubricant, 

0T is the initial temperature and *T  is the dimensionless 

temperature. The density-pressure-temperature is expressed as 

( )11 *
00

* −+= TTD .                                                  (18)  

where, .00065.00 −=D The force balance equation in 

dimensionless form is expressed as 

 =
out

in

X

X

dXXP
2

)(


.                                                         (19) 

 

2.1. ENERGY EQUATION 

 

The energy equation is used to calculate the 

temperature in the contact region which can be written in the 

form of 
2
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By using the dimensionless parameters the energy equation 

can be written in the form of 
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where ,/00 bTucA sp= ,/ bpuB hs= ,/ 2
0 bRkTC −= and

.

2

20 
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D s The relevant boundary conditions for Eq. (21) 

in dimensionless form can be expressed as 


−


+=

−

X

usf
SX

dS

Z

T

bEkuc

Rk
T ,1

*

3
1111

0*





              

(22) 


−


+=

−

X

dsf
SX

dS

Z

T

bEkuc

Rk
T .1

*

3
2222

0*





               

(23)  

 

 

3. DISCRETIZATION OF GOVERNING 

EQUATIONS 
 

 The computational domain for the present work is 

5.1  ,4 =−= outin XX  with N=256 uniform grid points are 

considered. The second order finite difference approximations 

are used to discretize the Reynolds, film thickness and load 

balance equations. The modified Reynolds equation Eq. (13) 

can be discretized as 

0

))(())((
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where, 
1+

−
=

N

XX
X inout . The boundary conditions in 

discretized form as 

0)( =inXP ,and 0
)()( 1 =



− −

X

XPXP outout .                    (25) 

The film thickness equation can be discretized as 
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where, the kernel ijK  is given by 
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The discretization of load balance equation becomes 

 =
+


=

+
N

i

ii PP
X
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)( 
.                                                   (28) 

The non-dimensional energy equation can be written in 

discretized form as 
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(29) 

where, kk indicates the node number in the film thickness 

direction. 

 

4. SOLUTION PROCEDURE 
 

The non-linear systems of algebraic equations arises from 

the discretization of Reynolds, film thickness load balance 

equations and these equations are solved numerically by using 

Newton-GMRES method. Energy equation is solved by using 

finite difference with Gauss-Seidel iteration method. These 

systems of nonlinear equations are first solved using Newton’s 

method in the outer loop, then obtained a system of linear 

equations BAx = , are solved using GMRES method in the 

inner loop. The matrix A is usually dense, sparse, and non-

symmetric in nature and condition number is large, thus 

GMRES method slowly converges. In order to avoid this 

drawback, the preconditioned technique is utilized by Ford et 

al. [66]. In our computation a suitable pre-conditioner 

(Daubechies D6 wavelet) is implemented to the matrix A in 

order to reduce the condition number to get converged 

solution in few iterations.  

 

5. RESULTS AND DISCUSSION 

 
The isothermal and thermal steady state EHL line contact 

problem with grease as lubricant is analyzed by using Newton-

GMRES method. The leading equations are discretized using 

second order finite difference method. The resultant systems 

of non-linear algebraic equations are solved simultaneously 

using Newton-GMRES method with Daubechies D6 wavelet 

as pre-conditioner. The effect of temperature, dimensionless 

speed (U), load (W) on film thickness and pressure is analyzed 

with different flow index. Also the effect of sinusoidal 

roughness on pressure and film thickness is studied in detail 

by considering uniform grids size 257=N . The operating 

parameters are taken from Yoo and Kim [17]. 

Fig.1 illustrates the film thickness profiles for various 

flow index n at a constant speed 

055249.4  load and     110181.1 −=−= EWEU , it is observed 

that, minimum film thickness decreases with decrease in the 

value of flow index n. For n=1 lubricant behaves as 

Newtonian fluid, the film thickness profiles of Newtonian 

fluid is higher than the grease oil. The pressure and film 

thickness profiles for various speed 
.113756.2  ,116968.1  ,110181.1  ,129050.5 −−−−= EEEEU at a 

constant load 055249.4 −= EW and 1=n  is depicted in Fig. 2. 

It is noticed that, speed increases, the pressure spike and 

minimum film thickness increases.  

Fig. 3 shows the pressure profiles for different load 
043575.1  ,050498.9   ,055249.4   ,052624.2 −−−−= EEEEW

with a constant speed 110181.1 −= EU and 1=n . It predicts 

that, pressure spike decreases with increase in the 

dimensionless load. Film thickness distributions are depicted 

in Fig. 4, for various values of dimensionless load 

043575.1  ,050498.9   ,055249.4   ,052624.2 −−−−= EEEEW  at 

a constant speed 110181.1 −= EU with 1=n . It shows that, the 

minimum and central film thickness decreases with increase in 

load parameter. 

 
Fig. 1 Film thickness profiles for various flow index 

at a constant load 055249.4 −= EW and speed 

.110181.1 −= EU  

 
Fig. 2 Pressure and film thickness profiles for different speed 

with constant load 055249.4 −= EW and .1=n  

 
Fig. 3 Pressure distributions for various load at a constant 

speed 110181.1 −= EU  and .1=n  
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Fig. 4 Film thickness profiles for different load with a constant 

speed 110181.1 −= EU and .1=n  
 

The non-Newtonian pressure and film thickness 

profiles are demonstrated in Figs. 5 and 6 respectively, for 

various speed at a constant load 055249.4 −= EW  and 63.0=n . 

These figures show the similar profiles as that of Newtonian 

fluid. Figs. 7 and 8 depicts, the non-Newtonian pressure and 

film thickness distributions respectively, for various load with 

a constant speed and n=0.63. It is observed that, pressure spike 

and film thickness decreases with increase in load in case of 

non-Newtonian fluid. 

 
Fig. 5 Pressure profiles for various speed at a constant load 

055249.4 −= EW and .63.0=n  

 
Fig. 6 Film thickness distributions for varying speed with a 

constant load 055249.4 −= EW and .63.0=n  
 

The sinusoidal roughness is considered in the present study, 

the effect of roughness on pressure and film thickness is 

investigated in detail with amplitude 05.0ˆ =A and wavelength

05.0ˆ =l . The pressure and film thickness profiles are 

demonstrated in Fig. 9 for high speed 113756.2 −= EU and 

load 055249.4 −= EW with 1=n . Pressure spike and the bulge 

in the film thickness are noticeable. For the non-Newtonian 

pressure and film thickness shows similar characteristics, as 

those are depicted in Fig.10 for high speed 113756.2 −= EU  

and moderate load 055249.4 −= EW with 63.0=n .  

 

 
Fig. 7 Pressure distributions for varying load with a constant 

speed 110181.1 −= EU  and .63.0=n  

 

Fig. 8 Film thickness profiles for the different load at a 

constant speed 110181.1 −= EU and .63.0=n  

 

 

Fig. 9 Pressure and film thickness profiles for 

sinusoidal roughness at a speed 113756.2 −= EU , 

load 055249.4 −= EW with .1=n  
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Fig. 10 Pressure and film thickness for sinusoidal roughness 

with speed 113756.2 −= EU , load 055249.4 −= EW and 

.63.0=n  

Figs. 11 and 12 show the pressure and film thickness 

distributions for Newtonian and Non-Newtonian fluids 

respectively, at low load 052624.2 −= EW and speed

110181.1 −= EU . Figs 13 and 14 shows the temperature 

profiles for the low speed ( 129050.5 −= EU ) and low load (

052624.2 −= EW ) respectively for the flow index   ,6.0=n

and .8.0 =n  these distributions predict that, the temperature in 

the contact region (middle layer) is higher than the surface 

temperatures.  

 

 

Fig. 11 Sinusoidal roughness Pressure and film thickness 

profiles for a low load 052624.2 −= EW and moderate speed 

110181.1 −= EU with .1=n  
 

 

Fig. 12 Pressure and film thickness distributions for 

load 052624.2 −= EW , speed 110181.1 −= EU  with 

.63.0=n  
 

Pressure and film thickness distributions are depicted in Fig. 

15 for the speed 110181.1 −= EU , load 055249.4 −= EW with

8.0=n . It is observed that, thermal film thickness is smaller 

as compared to isothermal film thickness. In Fig. 16 the 

temperature profiles for the speed 113756.2 −= EU and load 

055249.4 −= EW with different flow index 8.0  and  6.0=n are 

illustrated. It is noticed that, the temperature peak increases 

with increase in the flow index.  

 

Fig. 13 Temperature distributions for the speed 

129050.5 −= EU  at a constant load 055249.4 −= EW with flow 

index 6.0=n . 
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Fig. 14 Temperature profiles for the low load 

052624.2 −= EW at a constant speed 110181.1 −= EU

with flow index 8.0=n . 

 

 

Fig. 15 Pressure and film thickness profiles for the 

isothermal and thermal cases at a constant speed 

110181.1 −= EU and load 055249.4 −= EW with flow 

index 8.0=n . 
 

 

a) n=0.8 

 

 

 

b) n=0.6 

Fig. 16 a and b Temperature distributions for the 

high speed 113756.2 −= EU at a constant load 

055249.4 −= EW with flow index 6.0,8.0=n  

respectively. 
Table 1presents the minimum (Hmin) and central 

(Hcen) film thickness values for different speed and 

flow index. It is observed that, minimum and central 

film thickness decreases as the value of n decreases, 

and increases with increase in speed. Table 2 

presents, the minimum and central film thickness 

values for different dimensionless load and flow 

index (n) at a constant speed. The minimum and 

central film thickness decreases with decrease in the 

flow index (n) and minimumand central film 

thickness decreases with increase in load. Table 3 

shows the isothermal and thermal film thickness 

values fordifferent speed, it shows that isothermal 

minimum film thickness is larger than the thermal 

minimum film thickness and central film thickness is 

always larger than the minimum film thickness.   

 

Table 1. Minimum film thickness values for different speed 

and flow index at a constant load 

Dimension

less load W 

Dimension

less speed  

U 

Flow index 

n=1 

Hmin 

n=0.

8 

Hmin 

n=0.

63 

Hmin 

n=1 

Hcen 

n=0.

8 

Hcen 

n=0.

63 

Hcen 

 

 

055249.4 −E

 

 

5.9050E-

12 

0.82

60 

0.80

94 

0.792

7 

0.88

56 

0.88

09 

0.866

6 

1.0181E-

11 

0.83

05 

0.81

15 

0.801

5 

0.91

54 

0.89

84 

0.888

5 

1.6968E-

11 

0.85

17 

0.83

30 

0.812

0 

0.94

52 

0.92

68 

0.905

9 

2.3756E-

11 

0.88

88 

0.85

85 

0.832

7 

0.98

81 

0.95

89 

0.933

3 
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Table 2 Minimum film thickness values for different load and 

flow index at a constant speed. 

Dimension

less load 

W 

Dimension

less speed  

U 

Flow index 

n=1 

Hmin 

n=0.

8 

Hmin 

n=0.

63 

Hmin 

n=1 

Hcen 

n=0.

8 

Hcen 

n=0.

63 

Hcen 

2.2624E-

05 

 

110181.1 −E

 

0.77

02 

0.72

96 

0.699

1 

0.88

95 

0.84

92 

0.818

9 

9.0498E-

05 

0.73

17 

0.69

67 

0.666

7 

0.79

96 

0.76

31 

0.734

6 

1.3575E-

04 

0.70

80 

0.67

30 

0.648

0 

0.77

08 

0.73

58 

0.710

8 

 

Table 3.Comparison of isothermal and thermal minimum and 

central film thickness for various speed 

Dimens

ionless 

load W 

Dimen

sionles

s speed  

U 

Flow 

index 

Isothermal film 

thickness  

Hmin   Hcen 

              

Thermal film 

thickness 

Hmin Hcen 

            

 

 

055249.4 −E

 

5.9050

E-12 

 

6.0=n  

0.2481 0.270

2 

0.2372 0.2592 

1.0181

E-11 

0.2833 0.312

1 

0.2650 0.2937 

2.3756

E-11 

0.3831 0.428

3 

0.3707 0.4160 

 

6. CONCLUSIONS 

 
The following conclusions are drawn from the numerical 

solution of thermal EHL line contact problem with sinusoidal 

roughness by using grease as lubricant, 

1. Newton-GMRES method with Daubechies D6 

wavelet as pre-conditioner reduces the computational 

cost and convergence of the required solution with 

few numbers of iterations. 

2.  As the flow index n increases the fluid film thickness 

also increases. 

3. Isothermal minimum film thickness is higher than 

that of thermal minimum film thickness. 

4. As the speed increases the pressure spike move 

towards the Hertizian pressure region. 

5. At the contact region the temperature is higher than 

that of the surface temperatures. 
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